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Abstract 
If H is a subgroup of the symmetric group $4, then a 3-groupoid (S, f )  is called H-permutable 
if f (x~(1) ,Xa(2) ,X~r(3) )  = X~(4) ~ f (x l ,x2,x3) = x4 for every cr C H. Some classes of generalized 
idempotent H-permutable 3-groupoids are equivalent to Steiner, Mendelsohn and other quadruple 
systems. We prove that the variety of generalized idempotent H-permutable 3-groupoids can be 
defined by a single identity for every subgroup H of $4 which contains at least one permutation 
~r such that or(4) ¢ 4. 
I .  In t roduct ion  
It is well known that some classes of Steiner, Mendelsohn and other triple and 
quadruple systems are equivalent o certain algebras. Some of these algebras can be 
defined by a system of identities [3]. A question which was considered by several 
authors is when the varieties of such algebras can be defined by a single identity. 
In [6] it was proved that the variety of  quasigroups equivalent o Mendelsohn triple 
systems is one-based and in [2] that the same is true for the so-called squags and 
sloops which are equivalent to Steiner triple systems. That two subvarieties of squags 
are also one-based was proved in [1]. Each of the varieties of  algebras equivalent o 
Steiner, Mendelsohn and tetrahedral quadruple systems can also be defined by a single 
identity, as it was proved in [10,9]. All these algebras have some common properties, 
which will be described later, and we shall show that the quoted results are special 
cases of  a more general theorem and they can be extended to include a much wider 
class of algebras. 
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2. Preliminaries 
n n n The sequence X,n,Xm+l . . . . .  Xn we shall denote by x m or  {xi}i= m. If m > n, then x m 
will be considered empty. 
An n-ary groupoid (n-groupoid) (Q , f )  is called an n-quasigroup if the equation 
i - - I  n f (a  1 ,x, ai+l) = b has a unique solution x for every a'~,b C Q and every 
i E {1 .. . . .  n} = Nn. 
A Steiner system S(t,k,v) is a pair (S,T), where S is a v-set and T is a family 
of k-subsets of S such that every t-subset of S is contained in exactly one element 
of T. An S(2,3,v) is called a Steiner triple system (STS) and an S(3,4,v) is called 
a Steiner quadruple system (SQS). Ordered analogues of Steiner systems are Mendel- 
sohn systems. A Mendelsohn system M(t,k ,v)  is a pair (S, T) where S is a v-set and 
T is a family of cyclic k-tuples (al . . . . .  ak), al . . . . .  ak distinct elements of S, such 
that every ordered pair of distinct elements from S belongs to exactly one element of 
T. A cyclic k-tuple (al . . . . .  ak) is the following set of k ordered pairs: (al . . . . .  ak) -- 
{(al,a2),(a2,a3) . . . . .  (ak- l ,ak),(ak,al)}.  An M(2,3, v) and an M(3,4,v) are called a 
Mendelsohn triple system (MTS) and a Mendelsohn quadruple system (MQS), respec- 
tively. Tetrahedral quadruple systems (TQSs) were defined in [11] and they represent 
a generalization of SQSs (see also [4,8]). 
By Sn we denote the symmetric group of degree n and by An its alternating subgroup. 
If G is a group and S C_ G, by F{S} we denote the subgroup of G generated by S. 
A variety V of algebras is said to be one-based if there exists a single identity J
such that each identity of V is a consequence of J .  
3. H-permutable n-quasigroups and n-groupoids 
If (S , f )  is an n-quasigroup and a E an+l, then the n-quasigroup (S , f  ~) defined by 
ff n f ({xa(i)}i=l) = Xa(n+l )  ~ f(x'~) = X,+I 
is called a a-conjugate (or simply conjugate) of f .  
If f = f ° ,  then (S , f )  is called a-permutable. If HC_Sn+I and f = fa  for all 
a E H, then (S , f )  is called H-permutable. 
The set of all a E Sn+l such that f = f~ is a subgroup of Sn+l which is denoted 
by I I ( f ) .  
An n-quasigroup (S , f )  is called totally symmetric (TS) if (S , f )  is Sn+l-permutable 
and alternating symmetric (AS) if (S, f )  is An+l-permutable [11]. 
Although for arbitrary n-groupoids conjugates cannot be always defined, the defini- 
tion of a-permutability can be extended to n-groupoids. 
Definition 1. Let o E Sn+l. An n-groupoid (S , f )  is a-permutable if for all x~ +l E S 
f (x~)  = x.+l ~ f({x~(i)}i~=l) = X~(n+l). 
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It is easy to see that this definition can be given in another equivalent form. 
Definition 2. Let a E Sn+l. If a(k) -- n+ 1 for some k E N,, then an n-groupoid (S , f )  
is a-permutable if for all x~ +1 E S 
X k - I  X n X n / ({  o(i)}i=1 , f (1 ) ,  { ~(i)}i=k+l) = Xo'(n+l). 
If a(n + 1) = n + 1, then (S, f )  is a-permutable if for all x~ +1 E S 
/({x,(i)}~=l) = f(x~). 
When applied to n-quasigroups, the last two definitions are equivalent to the previously 
given definition of a-permutability. 
Consequently, every H-permutable n-quasigroup can be defined as an n-quasigroup 
satisfying a system of identities. 
As before, the set of all a E Sn+l for which an n-groupoid is a-permutable is
a subgroup of S~+1. If HC_Sn+I, and an n-groupoid (S , f )  is a-permutable for all 
a E H, then it is H-permutable. 
We see that the class of all H-permutable n-groupoids is a variety. 
In [7] it was shown that every H-permutable n-groupoid is necessarily an n-quasi- 
group if and only if H is a transitive permutation group. In [5] the existence of H- 
permutable n-quasigroups of order rap, for every m > n, p > 2, and every subgroup 
H of Sn+l such that H = Fl( f )  was proved. 
Let (S, f )  be an n-groupoid, H a subgroup of Sn+l and F a set of generators of H. 
It is not difficult to see that f is H-permutable if and only if f is a-permutable for 
every a E F. 
4. Quadruple systems and H-permutable 3-groupoids 
H-permutable n-groupoids and n-quasigroups are related to various structures, but 
here we shall discuss their connections with triple and quadruple systems. 
Every STS is equivalent to a totally symmetric idempotent binary quasigroup, and 
MTSs are equivalent o H-permutable idempotent binary quasigroups where H = 
F{(123)} [6]. If (S,T) is an SQS of order v and a ternary operation f is defined 
on S for distinct elements x, y,z E S by 
f (x,  y,z) --- u -4---4. {x, y,z,u} C T (1) 
and 
f (x ,y ,y )  = f (y ,x ,y )  = f (y ,y ,x )  = x (2) 
otherwise, then (S, f )  is a generalized i empotent (GI) TS 3-groupoid of order v. (A 
3-groupoid satisfying (2) is called generalized i empotent). Conversely, if (S, f )  is a 
GI TS 3-groupoid of order v, then an SQS (S,T) of order v is defined by (1). 
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Similarly, it can be shown that MQSs are equivalent to GI H-permutable 3-groupoids, 
where H = F{(1234)}, and TQSs are equivalent to GI H-permutable 3-groupoids, 
where H =A4 ([11]). 
All these varieties have one thing in common - -  they are all GI H-permutable 
3-groupoids. Each of these varieties has been proved to be one-based [10,9]. But, 
besides these three classes of GI H-permutable 3-groupoids, there exist many other 
GI H-permutable 3-groupoids and to each such class of GI H-permutable 3-groupoids 
a class of quadruple systems can be associated, analogously as it is done for Steiner, 
Mendelsohn and tetrahedral quadruple systems. We consider the question whether other 
classes of GI H-permutable 3-groupoids can be also defined by single identities. We 
shall prove that the variety of all GI H-permutable 3-groupoids for every H which 
contains at least one permutation a such that a(4) ~ 4 is one-based. 
5. Single identities for GI H-permutable 3-groupoids 
Since the general case involves complicated notation and contains everal cases, we 
shall first consider one particular case. The method used in that case will be then 
extended to the general case. 
The group $4 has three dihedral subgroups of order 8, one of which is D4 : 
F{(1432),(24)}. The variety of GI Da-permutable 3-groupoids is defined by the 
identities 
f ( f (x ,  y,z),x, y)  = z, 
f (x , f (x ,y ,z ) , z )  = y, 
f (x ,y ,y )  = f (y ,x ,y )  = x, 
and we shall prove that this variety is one-based. 
The following notation will be used. If (S, f )  is a 3-groupoid, then the translation 
maps Tl(a,b), T2(a,b), T3(a,b) : S ~ S can be defined by 
Tl(y,z)(x) -- T2(x,z)(y) = T3(x, y)(z) : f (x ,  y,z). 
Theorem 1. A 3-groupoid (S , f )  is a GI Da-permutable 3-quasigroup if and only if 
the following identity is satisfied 
f (p ,  f (p ,  f ( f (x ,  y, f (v ,  v, f ( f ( t , z ,  t), u, u))), x, y), q), q) = z. (3) 
Proof. If (S, f )  is a D4-permutable 3-quasigroup, then (3) clearly holds. 
Now, let (S, f )  be a 3-groupoid such that identity (3) is satisfied. 
(3) can be written as 
T2(p, q)Tl(x, y)T3(x, y)Ta(v, v)Tl(u, u)T2(t, t) = 1, (4) 
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where I is the identity mapping of S. From (4) it follows that T2(p,q) is onto and 
T2(t,t) is one-to-one, hence Tz(t,t) is a bijection. Putting p = q in (4) we have 
Tt (x, y)T3(x, y)T3 (v, v)Tl (u, u) =/ '2-2(p,  p)Tz l ( t ,  t). 
The last equality implies that Tl(U,U) is a bijection and putting x = y we get 
T3(x,x)T3(v, v) = T11 (x,x)T22(p, p)T~ -1 (t, t)T~l(u, u), 
which implies that T3(v,v) is a bijection. So we have proved that Ti(x,x), i = 1,2,3, 
is a bijection for every x E S. 
From (4) it follows that for all p,x,v,u,t ,s E S 
T2(p, p)rl(x,x)T3(x,x)T3(v, V)Tl(U, u)T2(t, t) 
-- T2(p, p)Tl(x,x)T3(x,x)T3(v, V)Tl(u, u)r2(s,s), 
hence T2(t,t) = T2(s,s) for all t,s E S. 
Analogously, one gets that Ti(t,t) = Ti(s,s), i = 1,2,3, for all t,s E S, that is 
f ( z ,x ,x )  = f ( z ,y ,y ) ,  f (x , z ,x )  = f (y , z ,y ) ,  f (x ,x , z )  = f (y ,y ,z ) ,  
which for y = z gives 
f ( z ,x ,x )  = f (x , z ,x )  = f (x ,x ,z ) .  
So, we have proved that 
Tl(X,X) = T2(x ,x )  = T3(x ,x  ). (5) 
Now, from (4) it follows that 
T1 (x, y)r3(x, y) = T| (r, s)T3(r, s), 
that is, 
f ( f (x ,y , z ) ,x ,y )  = f ( f ( r , s , z ) , r , s ) .  (6) 
Putting y = r = s = z in (6) we get 
f ( f (x , z , z ) ,x , z )  = f ( f ( z , z , z ) , z , z ) .  (7) 
Since Ti(z,z) is a bijection for every z, it follows that for every z E S, there exists 
Xz E S such that f(Xz,Z,Z) = z. I f  in (7) we put xz instead of x, then 
f(f(Xz,Z,Z),Xz,Z) = f ( f ( z , z , z ) , z , z ) ,  
that is, 
f (z ,  xz,z) = f ( f ( z , z , z ) , z , z )  = f ( z , f ( z , z , z ) , z ) ,  
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and since T2(z,z) is a bijection it follows that xz = f (z ,z ,z) .  Hence for all z C S 
f (xz ,z ,z)  = z and xz = f (z ,z ,z) ,  which implies 
f ( f ( z , z , z ) , z , z )  =z.  
Putting in (6) r = s = z we obtain 
f ( f (x ,  y,z),x, y) = f ( f ( z , z , z ) , z , z )  = z, 
that is, 
Tl(x, y)T3(x, y) = I. (8) 
Analogously, one obtains that 
f (x ,  f (x ,z ,  y), y)  = z, 
that is, 
V~(x, y) -- I. (9) 
By (5), (8) and (9), (4) gives 
Ti(x,x) = I 
for all i E N3 and all x C S. [] 
Now we return to the general case. By inspecting all subgroups of $4 we see 
that each subgroup H of $4 which contains at least one permutation a E H such that 
a(4) ¢ 4 has a generating set with one or two elements uch that each of the generators 
moves 4. 
Every identity of the form 
k--1 3 3 
{Xo'(i) }i=k-t- 1) -~ Xo'(4), f ( {xa(i)}i=l , f (xl ), (10) 
where k 6 {1,2, 3}, can be written as 
Tk(xp,xq )Ta(4)(Xr,Xs ) -= I, (1 1) 
k--I where (Xp,Xq) ({Xa(i)}i=l , X 3 = { ~(i)}i=k+l) and (Xr,Xs) is a pair which is obtained by 
removing x~(41 from the triple (x 3). 
Hence if H is a subgroup of $4 which has at least one permutation tr such that 
tr(4) ¢ 4, then H = F{trl,tr2} or H = F{al},  where ~i(4) :fi 4, i = 1,2, and the 
variety of all GI H-permutable 3-groupoids is defined in the first case by the identities 
T~(x, y)Tj(~, 2') = I, (12) 
Tk(x, y)Tt(2, fi) = I, (13) 
Tl(x,x) = T2(x,x) = T3(x,x) = 1, (14) 
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where (2, 35), (~c, ~) E {(x, y), (y,x)}, and i , j ,k, l  are determined by the equivalence of 
(10) and (11) as described earlier, and in the second case it is defined by identities 
(12) and (14). 
Now we shall prove that the class of 3-groupoids satisfying (12)-(14) can be defined 
by a single identity. In the next theorem let H -- /"{O'l,O2} be the subgroup of $4 
described in the previous paragraph. 
Theorem 2. A 3-groupoid (S, f )  is a GI H-permutable 3-groupoid if and only if the 
following identity is satisfied 
(a) i f  in (12), (13) i= j=k  = l, then 
Ti(x, y)Tj(Yc, Y)Tk(p, q)Tl(p, ~t)Tn(s, s)T2m(u, )Tn(v, v)Ti(t, t) = I, (15) 
where n, m E N3 \ {i}, n 7£ m, 
(b) /f the set {i,j,k, l} has at least two elements, then 
T~(x, y)Tj(2, p)T~(p, q)Tt(D, ~)T,,(u, u)T,(v, v)Ti(t, t) = L (16) 
where n is equal to the first element in the sequence j,k, 1 which is different from i 
and m E N3 \ {i,n}, 
and in both cases 
(2,)5) is as in (12), 
if in (13) (x,y) = (~,)5), then (/3,~) = (p,q) and (/3,q7) = (q, p) otherwise. 
Proof. We shall consider only case (b), the proof for (a) is analogous. 
If (S, f )  is a GI H-permutable 3-groupoid, then the corresponding identity given in 
the theorem clearly holds. 
Let (S, f )  be a 3-groupoid such that identity (16) is satisfied. 
As in Theorem 1, we get that Ti(x,y) is onto and Ti(t,t) is one-to-one, hence Ti(t,t) 
is a bijection. Following the procedure given in the proof of Theorem 1 we get that 
Ti(x,x), i = 1,2,3, are bijections for all x E S, that Ti(x,x) = Ti(y,y), i = 1,2,3, for 
all x E S and consequently Tl(x,x) = T2(x,x) = T3(x,x). 
Then, as in Theorem 1, we get that 
Ti(x ,y)Tj(Yc, y) = Ti(r,s)Tj(r,s) 
which implies, as before, that 
Ti(x, y )Tj(Yc, ~) = I, (17) 
that is, (12) holds. Analogously we get that (13) holds. Putting x = y in (17) we get 
TZ(x,x) = I, and putting x = y, p = q in (16) we get that T i (x ,x )  -~ I. [] 
The class of all 3-groupoids atisfying (12) and (14) can also be defined by a single 
identity. This single defining identity is obtained from (15) or (16) by omitting from 
these identities Tk(p,q)Tt(~, ~) and leaving the rest unchanged. The proof in this case 
is analogous to the proof of Theorem 2. 
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The results obtained above are summarized in the following theorem. 
Theorem 3. I f  H is a subgroup of $4 which contains at least one permutation a such 
that a(4) # 4, then the variety of all GI H-permutable 3-#roupoids i one-based 
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